Abstract. In this paper we study the image of l-adic representations coming from Tate module of an abelian variety defined over a number field. We treat abelian varieties with complex and real multiplications. We verify the Mumford-Tate conjecture for a new class of abelian varieties with real multiplication.
Introduction.
Let l be an odd prime number, F a number field, G F = Gal(F /F ) and A a simple, polarized abelian variety of diemnsion g defined over F. Let T l (A) denote the Tate module of A and V l (A) = T l (A)⊗Q l . In this paper we investigate the image of mod l representations of G F given by its action on the Tate module of A. We are interested in Galois representations associated with abelian varieties with real and complex multiplications. There are two important special cases of abelian varieties for which the images of l-adic and mod l representations are known: abelian varieties A with End F (A) = Z such that dim A is an odd integer (cf. [Se1] ) and abelian varieties with real multiplication by a totally real number field E = End F (A) ⊗ Q, such that dim A = [E : Q] (cf. [R1] ). Note that for these abelian varieties the analogues of the open image theorem of Serre have been proven (loc. cit.). Our main results concerning the image of the Galois representation are contained in the following theorems.
Theorem A. [Th. 2.1] Let A/F be a simple abelian variety of nondegenerate CM-type with End(A) ⊗ Q = E and such that E ⊂ F. Consider the residual representation ρ l : G F → GL 2g (F l ) induced by the action on the l-torsion points of A. Then for all primes l of good reduction for A that are split completely in F, the image of ρ l consists of all diagonal matrices of the form {diag(x 1 , y 1 , . . . , x g , y g ) ∈ GL 2g (F l ): x 1 y 1 = · · · = x g y g }.
Typeset by A M S-T E X 1 Theorem B. [Th. 3.5 ] Let A/F be a simple, principally polarized abelian variety with real multiplication by a totally real field E = End F (A)⊗ Z Q of degree e= [E : Q] such that g = eh with h odd. In addition we assume that F is so large that G alg l is connected andρ l (G F G(l) alg (F l ) for almost all l (for the notation see the beginning of section 3). We have the following formula for the commutator subgroup of the image ρ l (G F ) :
for all l 0 such that l splits completely in E and A has good reduction at l.
It is known that for some families of abelian varieties the Mumford-Tate group over Q l is equal to the identity component of the Zariski closure of the image of the Galois representation on V l (A) = T l (A) ⊗ Q l i.e., the Mumford-Tate conjecture holds. For the CM abelian varieties the Mumford-Tate conjecture follows by the results of Pohlman cf. [Se5] . Important special cases of the Mumford-Tate conjecture have been proven by J.P. Serre [Se1] , W. Chi [C] , K. Ribet [R1] , R. Pink [P] and S. Tankeev [Ta2] . We verify the Mumford-Tate conjecture for the class of abelian varieties considered in Theorem B.
Theorem C. [Th. 3.6] Let A be an abelian variety with real multiplication by a totally real field E = End F (A) ⊗ Z Q of degree e = [E : Q] such that g = eh with h odd. Then the Mumford-Tate conjecture holds for A.
The results of this paper are used in [BGK2] where we solve the support problem of Corralez-Rodrigáñez and Schoof formulated in [C-RS] , for the abelian varieties considered in Theorems A and B.
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Nondegenarate CM abelian varieties.
Let A/F be a simple abelian variety of dimension g with complex multiplication by a CM field E cf. [La] . We assume that E is contained in F. In this chapter, following [R3] , we discuss CM abelian varieties of nondegenerate type. Let (E, S) be the CM-type of A and let (E , R) be its reflex type. Let L/Q be a finite Galois extension containing
We identify S with a subset of right cosets in H\G. Let T be an algebraic torus defined over a number field. The character group of T is by definition
For a number field K we put
by giving the following homomorphism on character groups
The image of φ is an algebraic torus which is equal to the Mumford-Tate group of A cf. [D2, Ex. 3.7] and [W, p. 128-129] . The dimension of Im φ is by definition the rank of the CM-type (E, S) and the rank of the abelian variety A. It is easy to see that the rank of (E, S) equals the rank of the matrix
where the entries are defined by the formula
Definition 2.1. We say that the CM-type (E, S) is nondegenerate if the rank of (E, S) equals g+1. We say that the CM abelian variety A is nondegenerate if its type is nondegenerate. This means that the Mumford-Tate group of A (for the definition see [D] ) is of maximal possible dimension. Let ρ l : G F → GL(T l (A)) = GL 2g (Z l ) be the l-adic representation of the Galois group G F on the Tate module of A. According to Corollary 2, p. 502 of [ST] , the image of this representation is an abelian group contained in the subgroup
We have the following commutative diagram (2.1)
where the map c l is the restriction to v|l O × F,v of the composition of natural maps:
The map on the right side in the above sequence of maps is the global norm residue symbol of global class field theory, ( [N] , p. 94). Let l be a prime of good reduction for A relatively prime to the class number of F. The natural isomorphism
[N], Prop. 2.3, p. 77 and Artin global reciprocity law, [N] , Th. 6.5, p. 94, show that the image of ρ l is equal to the image of the composition ρ ab l • c l . According to [ST] , p. 511 there is a homomorphism of algebraic tori
over Q, such that after base change to Q l we obtain a map of tori
where (X(T )) Q l is the group of characters of T defined over Q l cf. [O] , p. 115, [R3] , p. 77 and [V] , p. 134-139. Short computation shows that
The map (2.3) gives a group homomorphism
which by Theorem 11, p. 512 and Corollary 2, p. 513 of [ST] can be identified with the map ρ
Theorem 2.1. Let A/F be a simple abelian variety of nondegenerate CM-type. Then for all primes l of good reduction for A that are split in F, the image of the reduced representationρ
Proof. By [R3] , Prop. 3.8 we have the following commutative triangle:
Since l splits completely in F and E by assumption, we have
Since A is nondegenerate, the image of ψ has dimension g+1 (cf. [R3] , Cor. 3.9). Thus the image of the map ψ l : T F l → T E l is a torus of dimension g+1. Denote by E + the maximal totally real subfield of E and put
We fix an isomorphism of Q l -vector spaces
This isomorphism and the representation ρ l ⊗ Q l defines a representation
, Lemma 4.5.1), where χ c denotes the composition of the cyclotomic character G F → Q × l and the obvious imbedding Q l → E + l . Since l splits completely in E, the representation ρ l ⊗ Q l : G F −→ GL 2g (Q l ) is diagonalizable and there exists a basis of E l over Q l such that
Let T nd denote the following torus:
One can easily check that there is a natural isomorphism (over Q l ) of group schemes
where the structure map for × G m product is the group structure map
This shows that the image of the map ψ l = ψ ⊗ Q l is a subtorus of T nd , which is split and of dimension g+1, hence Im ψ l = T nd . It follows that ψ l can be written as the composition of homomorphisms of tori (2.6)
Taking corresponding Z l -models of maps of tori in (2.6) (cf. [V] , Prop. 6.13, p. 138), we get a map of schemes
Taking fibers in (2.7) over spec F l we get maps of split tori
On the other hand by [O] , Th. 2.3.1, [R3] , p. 93 and [V] , Prop. 6.14, p. 139, we have the commutative diagram (2.9)
where the compositions of horizontal maps are ψ l (Z l ),ψ l (F l ) and the vertical maps are reductions mod l. Hence, by (2.1), (2.2), (2.4), (2.8) and (2.9) we see that Imρ l =T nd (F l ).
Abelian varieties with real multiplication.
Let E be a totally real extension of Q of degree [E : Q] = e. Let A/F be a polarized, simple abelian variety of dimension g of type E, which means that E ⊂ EndF (A) ⊗ Z Q and the polarization is over F cf. [R1] chap. II.1 or [C] Chap. 1.1.
. We consider such primes l that split completely in E. The polarisation of A gives Q l -bilinear, nondegenerate alternating pairing
which is Galois equivariant and such that for every x, y ∈ V l (A) and for every φ ∈ EndF (A) ⊗ Z Q we have
where φ denotes the effect of Rosati involution of the ring EndF (A) ⊗ Z Q on the element φ. Theorem 2, Type I, p. 201 of [M] implies that the Rosati involution acts trivially on E. Let us restrict the pairing (3.1) to
are injective. Under our assumption on l and E the pairing (3.1) splits into nondegenerate, Q l bilinear, alternating pairings (cf. [C] , Lemma 1.2.1, p. 319 )
Reducing modulo l and splitting into λ components the top horizontal arrow in diagram (3.2), it follows again by [C] , Lemma 1.2.1, p. 319 that for each prime λ of O E that divides l there is a nondegenerate bilinear, alternating pairing
such that for every α ∈ F l αx, y λ = x, αy λ = α x, y λ .
We are going to investigate the image of the residual representation
of the representation
for abelian varieties A/F and prime l satisfying all the above assumptions. As usual we let G l to denote the image of ρ l . Because of the pairings (3.3) and (3.4) for an appropriate choice of bases in the F l vector spaces A[λ] we get
where h is such that 2he = 2g and GSp 2h (F l ) denotes the group of symplectic similitudes.
Let us introduce some notation. For an algebraic group scheme G/S over the base scheme S we denote by G the derived group scheme of G, as defined in [SGA3] XXII, 6.2. If G is an algebraic group over a field, then G is the commutator subgroup of G. We putG to be the universal cover of G and G(S) u to be the image of the natural mapG(S) → G(S). Observe that if G is simply connected, i.e., if
be the algebraic envelope of the image of ρ l ⊗ Q l in the group GL 2g /Q l i.e. the Zariski closure of the image. Enlarging F , if necessary we can assume that G alg l is connected for any l. This is justified by the results of Serre, [Se4] (see also [LP2] ). Let G alg l be the Zariski closure of the image of ρ l in the algebraic group GL 2g /Z l , endowed with the unique structure of reduced closed subscheme. It follows by [LP1] G(l) alg is the special fiber of G alg l over spec Z l . By definition, we have
Serre used the results of Nori [No] on subgroups of GL 2g (F l ) to investigate the group G(l) alg . We collect the results of Serre on G(l) alg proven in [Se2] and [Se3] in the following theorem.
alg is reductive and in addition:
Following [Se2] p. 22, we write:
where (G(l) alg ) is the derived subgroup of G(l) alg and T (l) is a torus which is the connected component of the center of G(l) alg . The groups (G(l) alg ) and T (l) commute elementwise. It is worth pointing out that the group (G(l) alg ) is denoted by N (l) in [Wi] and byG in [No] . Enlarging F if necessary, we can assume that
alg (F l ) so from now on we assume that the abelian variety A is defined over such a field F. This is justified by Theorem 3.1 (2). Observe that by (3.6) we have:
Lemma 3.2. Let A/F be an abelian variety with real multiplication by a totally real field E = End F (A) ⊗ Z Q of degree e = [E : Q] such that g = eh with h odd. We have equalities of ranks of group schemes over Q l :
. Note that by (3.5) we have
where
In order to prove (3.8) it is enough to show that
Projecting onto the λ component we see that the image of g ss ⊗ Q l in sp 2h (V λ ) is semisimple. Hence, using the structure of the universal enveloping algebra of a semisimple Lie algebra [H] pp. 89-94 and the properties of the irreducible standard cyclic modules [H] pp. 107-110, we get a decomposition
where E(ω i ), for all 1 ≤ i ≤ r, are the irreducible (orthogonal or symplectic) Lie algebra modules of the highest weight ω i corresponding to simple Lie algebras g i which are summands of the image
By Corollary 5.11 [P] all simple factors of g ss ⊗ Q l are of classical type A, B, C and D and the weights ω 1 , . . . , ω r are minimal (= miniscule = microweight). The reader can find the table of all minimal weights for corresponding types in [H] exer. 13.13 p. 72 or [B] Chap. VIII, 7.3. Since dim Q l V λ = 2h, where h odd by assumption, we observe by computing the dimensions of E(ω i )'s for types A, B, C and D (use [Ta1] section 4.8.1 and [B] Chap. VIII, Tables 1, 2 pp. 213-214, cf. [C] p. 332), that the tensor product
can consist of only one space E(ω 1 ) and g 1 -action on E(ω 1 ) is of type C symplectic representation. Hence
By the result of Faltings [Fa] cf. [Se1] 2.5.4 the representations
are pairwise not isomorphic, for any two of the ideals λ|l. Hence, by the structure theorem of semisimple Lie algebras, [H] Th. 5.2, we deduce that the natural map
is surjective for any pair of ideals λ 1 , λ 2 dividing l. By [R1] , Lemma, p. 790, this implies (3.10).
Lemma 3.3. Let A be an abelian variety with real multiplication by a totally real field E = End F (A) ⊗ Z Q of degree e = [E : Q] such that g = eh with h odd. There are equalities of ranks of group schemes over F l :
Proof. By [LP1] Prop.1.3 and by [Wi] , Th.1 and 2.1, for l 0 the group scheme G alg l over spec Z l is smooth and reductive. For such an l the structure morphism (G alg l ) → spec Z l is the base change of the smooth morphism [SGA3] XXII, Th. 6.2.1, p. 256. Hence, the group scheme (G alg l ) is also smooth over Z l . By [SGA3] loc. cit, the group scheme (G alg l ) is semisimple. By [SGA3] XIX, Th. 2.5, p. 12, applied to the special fiber of the base scheme spec Z l , there exists anétale neighborhood S → spec Z l of the geometric point over the special point such that G alg l,S = G alg l × spec Z l S has a maximal torus T S . By [SGA3] XXII, Th. 6.2.8 p.
260, (G alg l,S ) ∩ T S is a maximal torus of (G alg l,S ) . By definition of the maximal torus and by [SGA3] XIX, Th. 2.5, p. 12 applied to the special point of spec Z l , we obtain that the special and the generic fibers of (G alg l,S ) have the same rank. On the other hand, it is clear that the generic (resp. special) fibers of (G alg l,S ) and (G alg l ) have the same rank. Hence, for l 0 :
Observe that
Equalities (3.12), (3.13) and Lemma 3.2 show that the ranks of the group schemes at both ends of the bottom horizontal arrow in the diagram (3.14)
are the same. This concludes the proof.
Lemma 3.4. Under assumptions of Lemmas 3.2 and 3.3 we have equalities of group schemes:
Proof. We prove the equality (3.16). The proof of the equality (3.15) is very similar and we leave it for the reader. Let
denote the inclusion representation induced by G(l) alg ⊂ GL 2g . By the result of Faltings [Fa] the representation ρ l is semisimple and the commutant of ρ l (G(l) alg ) in the matrix ring M 2g,2g (F l ) is EndF (A) ⊗ Z F l . Projecting onto the λ component we obtain the representation
The commutant of ρ λ is F l because EndF (A) ⊗ Z Q = E and l splits completely in E, by assumption. This implies that ρ λ is absolutely irreducible. Since T (l) is abelian and it commutes elementwise with (G(l) alg ) , the restriction of ρ λ to the derived subgroup:
is also absolutely irreducible. By Schur's lemma the image ρ λ (Z((G(l) alg ) ) of the center of (G(l) alg ) is contained in the scalars of Sp 2h . This implies that
To simplify notation, we put G 1 = (G(l) alg ) and G 2 = λ|l Sp 2h . Note that G 1 and G 2 are reductive groups. Let T be a maximal torus in G 1 . Since by Lemma 3.3 the ranks of G 1 and G 2 are equal, T is also the maximal torus of G 2 . Let h ∈ Z(G 2 ). By [H] , Chap. 26.2, Cor. A (b) we see that h ∈ T. Let C denote the commutant of G 1 in the ring M 2g,2g (F l ). Since
. Together with (3.17) this implies that
To finish the proof we use the same argument as in the proof of [Wi] , Lemme 7 (see also [LP1] , Lemma 4.4, p. 577). Let R 1 (R 2 , respectively) be the roots of G 1 ( G 2 , resp.) with respect to the torus T. The roots R 1 form a symmetric subset of R 2 which is closed by [SGA3] XXIII, Cor 6.6. By [B] Chap. VI, 1.7, Prop. 23 we obtain equality
Theorem 3.5. Let A be an abelian variety with real multiplication by a totally real field E = End F (A) ⊗ Z Q of degree e = [E : Q] such that g = eh with h odd. Consider the residual representation ρ l : G F → GL 2g (F l ) induced by the action on the l-torsion points of A. We have equality:
Proof. Since Sp 2h is simply connected, it follows by (3.16) that (G(l) alg ) is simply connected. So (G(l) alg ) (
On the other hand, by (3.6) and Th. 3.1 (2) it is clear that
We finish with verification of the Mumford-Tate conjecture for the abelian varieties A/F considered in this section. This has been expected by the experts (cf. [P, p. 190] ). We refer the reader to [P] and also to [G] for an up-to-date discussion concerning the current status of the Mumford-Tate conjecture. Let us fix some notation. We choose an embedding of F into the field of complex numbers C. Let W = H 1 (A(C), Q) denote the singular cohomology group with rational coefficients and let
where W 1,0 = W 0,1 , be its associated Hodge decomposition. Define the cocharacter µ ∞ : G m (C) → GL(W ⊗ Q C) = GL 2g (C) such that, for any z ∈ C × , the automorphism µ ∞ (z) of the space W ⊗ Q C is the multiplication by z on W 1,0 and the identity on W 0,1 . Recall that the Mumford-Tate group of the abelian variety A/C is the smallest algebraic subgroup M T ⊂ GL 2g , defined over Q, such that M T (C) contains the image of µ ∞ . Note that M T is a reductive subgroup of the group of symplectic similitudes GSp 2g . According to the Mumford-Tate conjecture (cf. [Se5] , C.3.1), for the abelian variety A defined over the number field F, for any rational prime l we should have: Proof. By [LP1] , Th. 4.3. to verify the Mumford-Tate conjecture for all primes l it is enough to show it for at least one prime number l. Let H denote the Hodge group of A, see [D] , Section 3 or [G] , p. 312. By definition, the Mumford-Tate group and the Hodge group of A are related by equality
where G m is in the center of M T. Hence, (M T ) = (H) . The group H is semisimple (cf. [G] , Prop. B.63), hence H = (H) by [H] , Th. 27.5. Put H l = H⊗ Q Q l . By (3.15) and (3.21) for l 0 and such that l splits completely in E, we get:
On the other hand,
(see Lemma B.60 and Lemma B.62 of [G] ). Hence, we have Using the theorem of Bogomolov on the homoteties [Bo] Corollary 1, p.702, we get from this (3.23)
The inclusions (3.21) and (3.23) imply the equality (3.20) for A.
